An explicit construction of surfaces with at normal bundle in the Euclidean space E n (unit hypersphere S n ) in terms of solutions of certain linear system is proposed. In the case of E 3 our formulae can be viewed as the direct Lie sphere analog of the generalized Weierstrass representation of surfaces in conformal geometry or the Lelieuvre representation of surfaces in the a ne 3-space.
Introduction
Let M n be a submanifold of the Euclidean space E m+n with the radius-vector r and m pairwise orthogonal unit normals n , the in nitesimal displacements of which are governed by the equations dn = ! n mod TM n :
The 1-forms ! de ne connection in the normal bundle of submanifold M n 4]. Submanifolds with at normal bundle are characterized by the existence of the normal frame n for which ! = 0, so that dn 2 TM n for any ; such normals are called parallel in the normal bundle. Submanifolds with at normal bundle have been extensively investigated in di erential geometry: see e.g. 1] , 22] , 32] and references therein. Let u 1 ; :::; u n be a local coordinate system on M n . Introducing the metric (dr; dr) = g ij du i du j and the Weingarten operators ( w) i j by the formulae @ j n = ( w) i j @ i r; @ j = @ u j ; one can write down the Gauss-Codazzi equations of a submanifold with at normal bundle in the form g ik ( w) k j = g jk ( w) k i ; r k ( w) i j = r j ( w) i k ; R ij kl = P m =1 f( w) i k ( w) j l ? ( w) j k ( w) i l g (1) where r is the covariant di erentiation generated by g ij and R ij kl = g is R j skl is the curvature tensor. Moreover, the family of the Weingarten operators is commutative:
w; w] = 0: (2) It was observed recently in 13] that the Gauss-Codazzi equations (1), (2) of submanifolds with at normal bundle coincide with the skew-symmetry conditions and the Jacobi identities for certain nonlocal Hamiltonian operators of hydrodynamic type (a brief review of this relationship is included in the Appendix).
The class of submanifolds with at normal bundle is invariant under the following natural transformations:
1. Conformal transformations generated by arbitrary translations, rotations and inversions in E m+n . In fact, paper 1] treats submanifolds with at normal bundle as the objects of conformal geometry referring them to a special conformal frame of spheres.
2. Normal shifts which transform the radius-vector r into r + t n ; here t = const and n are parallel in the normal bundle 32] . Submanifolds related by a normal shift are called parallel.
3. Gauss map associating with any submanifold M n with at normal bundle in E m+n a submanifoldM n with at normal bundle spanned by one of it's parallel normals n in the unit hypersphere S m+n?1 E m+n . 4 . Stereographic projection mapping submanifoldM n S m+n?1 into E m+n?1 .
In the case of hypersurfaces (it should be emphasized that any hypersurface of E n+1 or S n+1 automatically has at normal bundle) transformations 1, 2 generate a nitedimensional group of contact transformations known as the Lie sphere group.
Transformations 3, 4 suggest an inductive construction of submanifolds with at normal bundle: given a submanifold in E m+n?1 , we rst project it stereographically into the unit hypersphere S m+n?1 E m+n and then reconstruct a submanifold M n in E m+n from the given Gauss image (the last step is essentially nonunique and requires integration of certain linear system). Note that our de nition of the Gauss map di ers from the standard one, which associates with a given submanifold the family of it's normal subspaces in the Grassmanian.
In the case of surfaces this procedure allows to construct an arbitrary surface with at normal bundle starting from an orthogonal net on the plane E 2 . It requires solving linear equations only. As will be shown in sect.2, this step-by-step construction can be combined into a simple formula representing an arbitrary surface with at normal bundle in terms of solutions of certain linear system. 
here equations (4) 2 are the compatibility conditions of (4) however, system (6) will be more convenient for our purposes.
In sect.3 we discuss the case of surfaces in E 3 and derive the explicit formulae for the main geometric quantities (such as the radii of principle curvature, fundamental forms and the Lie-invariant density) in terms of linear system (6) 
The right-hand sides in (7) are closed in view of (6) so that V are correctly de ned up to additive constants. We restrict these constants by requiring
; (8) V + V = + s s ; 6 = ; (9) both restrictions are compatible with (7). In the matrix form conditions (7), (8) and (9) can be rewritten as follows: dV = U t dU (10) V + V t = U t U + E m (11) where E m denotes the m m identity matrix. Let us also point out that 
In this calculation we made use of (11). q.e.d. 
Since U x is of rank one, the rank of W x cannot exeed one as well. Di erentiation of (11) with respect to x gives (V x ? U t U x ) + (V x ? U t U x ) t = 0; implying that V x ?U t U x is skew-symmetric. On the other hand, it is of rank one. Since the rank of skew-symmetric matrix is necessarily even, we conclude that V x = U t U x . Similarly, V y = U t U y , so that dV = U t dU which coincides with (10) . By normalizing we can always represent U x in the form As we will see in sect.7, this functional can be interpreted as the rst conservation law of the (2+1)-dimensional integrable mVN hierarchy associated with linear system (6).
4 Construction of submanifolds with at normal bundle carrying coordinate net of curvature lines
The case of submanifolds M n of dimension n greater than two requires certain modi cations in the construction of sect.2. We start with a Dirac operator @ i H j = ij H i ; i; j = 1; :::; n; i 6 = j (19) where the Lame coe cients H i and the rotation coe cients ij are functions of n independent variables u i ; @ i = @ u i . We require that the rotation coe cients satisfy the zero curvature conditions @ k ij = ik kj ; i 6 = j 6 = k @ i ij + @ j ji + P n k6 =i;j ki kj = 0; i 6 = j: (20) Equations (19), (20) are well-known in the theory of n-orthogonal curvilinear coordinate systems 7]. Let us introduce the so-called direction-cosines: n pairwise orthogonal unit vectors X i = (X 1i ; :::; X ni ) satisfying the equations @ j X i = ij X j @ i X i = ? P n k6 =i ki X k (21) which are compatible in view of (20) and de ne the n n orthogonal matrix X ji . In order to construct a submanifold M n with at normal bundle in the unit hypersphere (22) which are compatible in view of (20) and (21) and taking into account the orthogonality of X ji , one can easily check the identity 
The right-hand sides in (23) are closed in view of (22) In the case of surfaces equations (19) which coincides with (6) . Thus in the case n = 2 our construction reduces to that of sect.2. It is known (see e.g. 9], p. [194] [195] [196] ) that the function R(x; y) giving rise to a congruence of Ribaucour is expressible in the form R = P Q (26) where P and Q are solutions of the linear system P x = 1 Q x P y = 2 Q y : (27) Thus the construction of Ribaucour congruences with the given envelope M 2 reduces to the solution of linear system (27) . One can show by a direct calculation that the function R de ned by (26) , (27) Indeed, with = r ? Rn and R = P=Q the 6-vector Z de ned as in (29) we have to specify a pair of functions P; Q satisfying (27) . As one can verify directly, these can be choosen as follows: As in the case of surfaces with at normal bundle in a hypersphere, this construction is entirely expressed in terms of solutions of linear system (6). vector~ can be interpreted as the Moutard transformation of with the help of the fourth solution 4 . Proposition. ( 9] In other words, the metric g ij du i du j is at (here g ik g kj = j i ), and ? j sk are the coe cients of the corresponding Levi-Civita connection. It follows from this that for Hamiltonian operators of the form (44) we have an in nite-dimensional analog of the 
